ABSTRACT. By making use of critical-point theory, some new solvability conditions for boundary value problems of second-order discrete systems with a parameter are obtained.
Introduction
Let N, Z, R be the set of all natural numbers, integers and real numbers, respectively and let M > 1 be a fixed positive integer. For a, b ∈ Z, define Z(a) = {a, a + 1, . . . }, Z(a, b) = {a, a + 1, . . . , b} when a ≤ b. Consider the following boundary value problems of nonlinear second order discrete systems ∆ 2 x(n − 1) + λ∇F (n, x(n)) = 0, n∈ Z(1, M ), (1.1)
where λ > 0 is a parameter, M is a positive integer, F : Z(0, M ) × R m → R, F (n, y) is continuously differentiable in y for every n ∈ Z(0, M ), and ∆ is the forward difference operator defined by ∆x(n) = x(n + 1) − x(n), ∆ 2 x(n) = ∆(∆x(n)).
By using the variational methods, there have been lots of existence results about periodic solutions of differential systems (see [1, 2, 3, 4, 5, 6] ). Recently, some authors considered the difference systems. In 2003, by using linking theorems, Guo and Yu proved the existence of periodic solutions for the following difference equation ∆ 2 x(n − 1) + f (n, x(n)) = 0, n∈ Z(1, M ), (1.3) when f (t, y) is sublinear or superlinear about the second variable y (see [7, 8] ). In [9] , Zhou, Yu and Guo generalized (1.3) to discrete system. In [11] , the authors have considered (1.1)-(1.2) with m = 1, f (n, y) = ∂F (n, y)/∂y and they obtained the following result by using a version of Clark's Theorem:
Ì ÓÖ Ñ 1.1º Assume that the following conditions hold:
Then there exists a λ
In this paper, we consider the existence of solutions for boundary value problems of system (1.1)-(1.2). A version of Clark's Theorem in [10] will be used so that some new solvability conditions of (1.1)-(1.2) are obtained. Moreover, the specific range of λ is also given.
Preliminaries
In this section, we will present some preliminaries which come from [9] , [10] and [11] .
In the following statement, for any m ∈ N, define inner product in R m by
by which Euclidean norm can be induced as follows
S stands for the set of sequences
Obviously, S is a real vector space. For any given positive integer M , define
Then the corresponding norm is
It is clear that (E
It is easy to verify that the map L is a linear homeomorphism with x = |Lx| and E M , (·, ·) E M is a Hilbert space, which can be identified with R mM .
Let E be a real Banach space and C 1 (E, R) denote the set of functionals which are Fréchet differentiable and whose Fréchet derivatives are continuous on E. For I ∈ C 1 (E, R), if any sequence {u m } ⊂ E such that I(u m ) is bounded and I (u m ) → 0 as m → ∞ contains a convergent subsequence, then we say that I satisfies the PS condition.
Let θ denote the zero element of Banach space E and Σ denote the family of sets A ⊂ E\{θ} where A is closed in E and symmetric with respect to θ, i.e. u ∈ A implies −u ∈ A.
Next, we state the Clark's theorem which play an important role in the proof of our main result. Moreover, note that under the assumptions of our Theorem 3.1 below, if x is a solution of (1.1)-(1.2), then −x solves (1.1)-(1.2) and it is said that (x, −x) is a pair of solutions of (1.1)-(1.2).
Main results

Ä ÑÑ 3.1º
For any x ∈ E M , one has
P r o o f. It follows from x(0) = x(M + 1) = 0 and Hölder inequality that
Since for any s ∈ Z(0, M ),
thus by Hölder inequality and x(0) = x(M +1) = 0, one has for any n ∈ Z(1, M ),
Obviously, if x = 0, the above inequality still holds. Thus, one has
The proof is completed.
Ä ÑÑ 3.2º
For any x, z ∈ E M , one has a useful equality
(∆x(n), ∆z(n)).
P r o o f. In fact, it follows from
Thus the proof is completed. 
Ì ÓÖ Ñ 3.1º Suppose that F (n, y) satisfies the following conditions:
2) has at least mM distinct pairs of nontrivial solutions.
P r o o f. Consider the functional I defined on E M by
Since, for any z ∈ E M , z(0) = 0, one has
Then x ∈ E M is a critical point of I if and only if
It follows from Lemma 3.2 and (3.3) that
It follows from the arbitrary of z that
Since x ∈ E M , then x(0) = x(M + 1) = 0 and hence x ∈ E M is a critical point of I if and only if x satisfies system (1.1)-(1.2). Thus the problem of finding the
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solutions for problem (1.1)-(1.2) is reducing to the one of seeking the critical points of functional I on E M . Next we will verify that I satisfies all conditions of Theorem 2.1. Since F (n, y) is even and continuously differentiable in y, it is easy to know that I ∈ C 1 (E M , R) is even. Besides, it is clear that I(θ) = 0. By F (n, 0) = 0, Lemma 3.1, (H 3 ) and Hölder inequality, we have for any x ∈ E M ,
Thus it follows from α ∈ [0, 2) that I is coercive, that is, I(x) → +∞ as x → ∞. Furthermore, it is easy to observe that I is bounded from below and PS condition follows at once from coercivity of I, as the space E M has finite dimension.
is an orthogonal base of E M with e i = 1, i = 1, 2, . . . , mM . Define
It is easy to find that θ ∈ K and K is closed in E M and symmetric with respect to θ. It is clear that K is homeomorphic to S mM −1 by an odd map.
For any x ∈ K, by the orthogonality of
Clearly, by (H 2 ), one gets that δ = inf
F (n, x(n)) > 0. Then it follows from Lemma 3.1 and λ > 2r 2 /δ that, for any x ∈ K,
Thus all the conditions of Theorem 2.1 are satisfied and then I has at least mM distinct pairs of nonzero critical points. Consequently, (1.1)-(1.2) has at least mM distinct pairs of nontrivial solutions. The proof is completed.
for some µ 1 , µ 2 > 0 and all u, v ∈ R m .
ÓÖÓÐÐ ÖÝ 3.1º
Suppose that F (t, y) satisfies (H 1 ), (H 2 ) and the following conditions:
P r o o f. Let α = log 2µ 1 2µ 2 , then α < 2. In a similar way to Wu and Tang [3] , by the (µ 1 , µ 2 )-subconvexity of F (n, ·) and (H 5 ), one can prove that 
Then, for any given ε > 0, there exists ρ > r such that By Theorem 3.1, the proof is easily completed.
Example
Assume that m > 1 and consider the following second-order discrete system 
